The indices of fixed point classes play a central role in Nielsen fixed point theory. B. Jiang, S. Wang and Q. Zhang proved that for any selfmap of a connected finite graph or a connected compact hyperbolic surface, the index of any fixed point class has an upper bound, which is said to be its characteristic, and is determined by the rank of the fixed subgroup corresponding to given fixed point class. In this paper, we study the difference between the index of a fixed point class and its characteristic for selfmaps of connected finite graphs. Attracting fixed points at infinity of automorphisms of free groups, given by D. Gaboriau, A. Jaeger, G. Levitt and M. Lustig, are extended successfully into the injective endomorphisms. By using relative train track technique, we show that the difference mentioned above is exactly the number of equivalence classes of attracting fixed points at infinity of the endomorphism corresponding to the give fixed point class if the index is non-zero. Since attracting fixed points at infinity and existed characteristic are totally determined by endomorphisms themselves, we give a new algebraic approach to compute the indices of fixed point classes of selfmaps of graphs.
INTRODUCTION
Fixed point theory studies the fixed points of a selfmap f of a space X. Nielsen fixed point theory, in particular, is concerned with the properties of the fixed point set Fix f := {x ∈ X|f (x) = x}, and the invariance under homotopy of given selfmap f (see [J1] for an introduction to Nielsen fixed point theory).
The fixed point set Fix f splits into a disjoint union of fixed point classes: two fixed points x and x ′ are said to be in the same class if and only if they can be joined by a Nielsen path which is a path homotopic (relative to endpoints) to its own f -image. Let Fpc(f ) denote the set of all the fixed point classes of f . For each fixed point class F ∈ Fpc(f ), a homotopy invariant index ind(f, F) ∈ Z is well-defined. A fixed point class is essential if its index is non-zero. For alternative definitions of fixed point class by covering spaces, see Section 3.1.
In the paper [JWZ] , B. Jiang, S. Wang and Q. Zhang define a new homotopy invariant rank rk(f, F) ∈ N for every fixed point class F. For an endomorphism φ : G → G of a group G, its fixed subgroup refers to the subgroup Fix (φ) := {g ∈ G|φ(g) = g} ≤ G.
The stabilizer of a fixed point x ∈ F is the subgroup Stab(f, x) := Fix (f π ) ⊂ π 1 (X, x), where f π : π 1 (X, x) → π 1 (X, x) is the induced endomorphism. Since it is independent of the choice of x ∈ F, up to isomorphism, the stabilizer of a fixed point class F is defined as Stab(f, F) := Stab(f, x), for any x ∈ F. The rank of F is defined as
where the rank of a group is the minimal number of generators.
For a selfmap f of a surface or a graph X, they defined the characteristic of a fixed point class F of f as
with the only exception that chr(f, F) := χ(X) = 2−rk(f, F) when X is a closed surface and Stab(f, F) = π 1 (X). What is more, some relations between the characteristic and the index of fixed point classes of graphs and surfaces are proved.
Theorem 1.1 (Jiang-Wang-Zhang, [JWZ] ). Suppose X is either a connected finite graph or a connected compact hyperbolic surface, and f : X → X is a selfmap. Then where the sum is taken over all fixed point classes F with ind(f, F) + chr(f, F) < 0.
An analogue on 3-manifolds can be found in [Z] . In this paper, we are primarily interested in π 1 -injective selfmap f : X → X of a graph X, i.e., f induces an injective endomorphism f π of the fundamental group π 1 (X). In this setting, we will introduce a new homotopy invariant a(f, F) ∈ N (see Definition 3.1 in Section 3) for each fixed point class F of f . Thank to this new invariant, we will improve the inequality (A) of Theorem 1.1 to be an equality among ind(f, F), rk(f, F) and a(f, F). For convenient, we define the improved characteristic of a fixed point class Note that ichr(f, F) ≤ 1 and only depends on the induced endomorphism f π of π 1 (X).
For brevity, we will write ind(F), rk(F), a(F), chr(F) and ichr(F) if no confusion exists for the selfmap f in the context. In Nielsen fixed point theory, a fixed point class F is allowed to be empty. In that case the above definitions of rk(F), a(F) and ichr(F) do not make sense. Alternative approaches using covering spaces and paths, will be given in Section 3.
The main result of this paper is the following.
Theorem 1.2. Let X be a connected finite graph and f : X → X be a π 1 -injective selfmap. Then for every essential fixed point class F of f , we have ind(F) = ichr(F), and for every non-essential fixed point class F of f , we have 0 = ind(F) ≤ ichr(F) ≤ 1.
In other word, we have that ind(f, F) = 1 − rk(f, F) − a(f, F) if the value of equality is non-zero. This equality gives a new algebraic approach for computing indices of fixed point classes of selfmaps of graphs.
Remark 1.3. For any selfmap f : X → X of a connected finite graph X, if f is not π 1injective, then by [J2, Lemma A] , it is a mutant (see [J2] for a definition) of a π 1 -injective selfmap g of a connected finite graph Y with χ(Y ) ≥ χ(X). Since mutants have the same set of indices of essential fixed point classes, we can define ichr(f, F) := ichr(g, F ′ ) where F ′ ∈ Fpc(g) is the corresponding fixed point class of F ∈ Fpc(f ), that is well defined because ichr(g, F ′ ) T hm 1.2 ======= ind(g, F ′ ) mutant invar.
= ========= = ind(f, F), is independent of the choice of mutants. Hence we have ind(f, F) = ichr(f, F) for every essential fixed point class F ∈ Fpc(f ).
Replacing ind(F) with ichr(F) in the inequality (B) of Theorem 1.1, as a corollary of Theorem 1.2, we have 2χ(X) − 1 ≤ ichr(F) ≤ 1 and the following bound immediately.
Corollary 1.4. Suppose X is a connected finite graph but not a tree, and f : X → X is a π 1 -injective selfmap. Then
where the sum is taken over all fixed point classes F of f .
Moreover, we obtain an upper bound for the rank of fixed subgroups and number of attracting fixed words of injective endomorphisms of free groups.
Theorem 1.5. Let F n be a free group of rank n. If φ is any injective endomorphism of F n , then
where a(φ) is the number of equivalence classes of attracting fixed points for the action of φ on the boundary of F n , see Definition 2.4.
In [GJLL] , Gaboriau, Jaeger, Levitt and Lustig proved the inequality above for automorphisms of F n , by using groups acting on R-trees. Our proof for general case is based on Theorem 1.2 and Bestvina-Handel's train track maps.
The paper is organized as follows. In Section 2, we introduce attracting fixed points and α(φ) for any injective endomorphism φ of a free group. In Section 3, we define the improved characteristic for fixed point classes of selfmaps of graphs, and show some invariance of that. In Section 4, we study the improved characteristic of selfmaps of graphs by an approach using train track maps. Finally, we complete the proofs of Theorem 1.2 and Theorem 1.5, and give some examples in Section 5.
ATTRACTING FIXED POINTS AND a(φ) OF FREE GROUPS
In [GJLL, Sect. 1] , the authors introduced attracting fixed points and the number a(φ) of an automorphism φ of a free group. In this section, we will extend that to injective endomorphisms of free groups.
2.1. Attracting fixed point. Let F be a free group of rank n. Fixed a basis (i.e., a free generating set) Λ = {g 1 , . . . , g n } for F , we view F as the set of reduced words in the letters g ±1 i , and ∂F as the set of infinite reduced words W = w 1 w 2 · · · w i · · · , i.e., w i ∈
The word length of a word W ∈ F with respect to Λ is written |W |. Given two finite or infinite reduced words W, V ∈F := F ⊔ ∂F , let W ∧ V be the longest common initial segment of W and V .
The initial segment metric d i.s onF is defined by d i.s (W, W ) = 0 and for W = V ,
With this metric,F is compact (called end completion as in [C] or compactification as a hyperbolic group in the sense of Gromov), and F is dense inF . The boundary ∂F is a compact space that is homeomorphic to a Cantor set when n ≥ 2. A sequence of reduced words V p ∈F converges to an infinite word W ∈ ∂F if and only if lim p→+∞ |W ∧ V p | = +∞.
The natural actions of F and Aut(F ) on F extend continuously toF : a left multiply W : F → F by a word W ∈ F and an automorphism f : F → F extend uniquely to homeomorphisms W : ∂F → ∂F andf : ∂F → ∂F (see [C] ), respectively. Any finitely generated subgroup F ′ < F is quasi-convex [Sh1] , and hence an inclusion induces a natural embedding ∂F ′ ֒→ ∂F ( [CDP, p. 115] ). For an injective endomorphism φ :
Lemma 2.1. Let φ : F → F be an injective endomorphism of F . Then φ can be extended to a continuously injective mapφ : ∂F → ∂F .
For now on, let φ : F → F be an injective endomorphism of F . By [DV, p.32, Lem II.2.4] , there is a cancelation bound B > 0 for φ:
whenever W, V ∈ F are finite reduced words, and W · V denote the product W V if there is no cancelation between W and V , i.e., |W · V | = |W | + |V |.
Let W = w 1 · · · w i · · · ∈ ∂F be a fixed infinite reduced word of φ. Write
Note that there exists i 0 > 0 such that for all i ≥ i 0 , we have k(i)
We say that a fixed infinite word W is an attracting fixed point of φ if there exists a neighborhood U of W ∈F such that
Note that by the definition of the initial segment metric onF , W ′ ∈ U if and only if |W ∧ W ′ | > r −1 − 1, where r < 1 is the radium of U.
By a similar discuss as in the proof of [GJLL, Proposition 1.1], we have Proposition 2.3. Let W ∈ ∂F be a fixed infinite word of φ. If W is an attracting fixed word of φ, then W ∈ ∂(Fix φ). Moreover, W is an attracting fixed point of φ if and only if it is an attracting fixed word of φ.
Proof. Let W be an attracting fixed word of φ. If W ∈ ∂(Fix φ), then we can write W = V 1 · V 2 · · · and W i = V 1 · · · V i , where the reduced finite words V i ∈ Fix φ. Then φ(W i ) = W i and k(i) = i for i = 1, 2, . . ., contradicts to that W is attracting. Therefore, W ∈ ∂(Fix φ). Moreover, pick i 0 as in Lemma 2.2 and U a neighborhood with radium
Now let W be an attracting fixed point of φ. Then for i large enough, we have W = lim p→+∞ φ p (W i ). Consider the words U i = W −1 i φ(W i ). Note that
If the sequence of words U p takes the same value infinity times, fix i we get
as p goes to infinity. Since |k(p + 1) − k(p)| is bounded, and W is an attracting fixed point of φ, we have lim p→+∞ (k(p) − p) = +∞, i.e., W is an attracting fixed word of φ.
2.2. The number a(φ) and similarity invariance. Now let us give the definition of the number a(φ) of equivalence classes of attracting fixed points.
Definition 2.4. Let φ : F → F be an injective endomorphism of a free group F . We say that two fixed infinite words W, W ′ ∈ ∂F are equivalent if there exists a fixed word U ∈ Fix (φ) such that W ′ = U W . Note that any word equivalent to an attracting fixed word of φ is also an attracting fixed word of φ. Let A (φ) be the set of equivalence classes of attracting fixed words of φ, and let a(φ) be the cardinality of A (φ).
Remark 2.5. Let A(φ) be the set of attracting fixed words of φ. Then the set A (φ) equals the set A(φ)/ ∼ of orbits of Fix (φ) acting on A(φ).
For a free group F , let End(F ) (resp. In(F ), Inj(F )) be the set of endomorphisms (resp. inner automorphisms, injective endomorphisms) of F . We say that the quotient End(F )/In(F ) (resp. Inj(F )/In(F )) is the set of endomorphism classes (resp. injective endomorphism classes), that is, two endomorphisms φ 1 , φ 2 ∈ End(F ) represent the same endomorphism class Φ ∈ End(F )/In(F ) if and only if there exists m ∈ F such that φ 2 = i m • φ 1 with i m (g) = m −1 gm for any g ∈ F . We say that φ 1 and φ 2 are similar if m can be written as
Note that if an endomorphism class Φ ∈ End(F )/In(F ) contains an injective endomorphism, then all the endomorphisms representing Φ are injective, i.e., Φ is an injective endomorphism class. Clearly, the rank rkFix (φ) and the number a(φ) are similarity invariants.
Combine Theorem 1.1 with Theorem 1.2, we will prove the following stronger version of Theorem 1.5 in Section 5, which is an algebraic version of Corollary 1.4.
Theorem 2.6. Let Φ be an injective endomorphism class of F n , and S(Φ) be the set of similarity classes of injective endomorphisms representing Φ. Then
where [φ] denotes the similarity class of the injective endomorphism φ, and the sum runs over all distinct similarity classes of Φ.
Example 2.7. Let F be the free group of rank 1, i.e F = g | − ∼ = Z. Then any endomorphism φ : F → F has the form φ(g) = g k for some integer k.
Note that the boundary ∂F consists of two points: gg · · · g · · · and g −1 g −1 · · · g −1 · · · . We have that
The trivial endomorphism is not injective, and therefore a(φ) is not defined. For the identity endomorphism, each element in F is fixed. It is obvious that the two infinite words are both fixed, but are not attracting.
IMPROVED CHARACTERISTIC OF FIXED POINT CLASS OF GRAPH MAPS
In [JWZ, Section 2] , the authors gave some definitions and facts of fixed point class of graph maps. In this section, we will state them and define a new homotopy invariant a(f, F) ∈ N, called improved characteristic, for any fixed class F of a π 1 -injective graph map f : X → X of a connected finite graph X.
3.1. Fixed point class. Let p :X → X be the universal covering of X, with group π of covering transformations which is identified with the fundamental group π 1 (X).
For any liftingf :X →X of f , the projection of its fixed point set is called a fixed point class of f , written F = p(Fixf ). Strictly speaking, we say two liftingsf andf
is said to be the fixed point class of f labeled by the conjugacy class off . Thus, a fixed point class always carries a label which is a conjugacy class of liftings. The fixed point set Fix f decomposes into a disjoint union of fixed point classes. When Fixf = ∅, we call F = p(Fixf ) an empty fixed point class. Empty fixed point classes have the same index 0 but may have different labels hence be regarded as different. We would better think of them as hidden rather than nonexistent.
3.2. Improved characteristic. Each liftingf induces an injective endomorphismf π : π → π defined byf
The stabilizer of a fixed point class F = p(Fixf ) is defined as the subgroup
which is identical to the fixed subgroup Fixf π = {γ ∈ π|f π (γ) = γ}. Up to group isomorphism, it is independent of the choice off in its conjugacy class.
For nonempty fixed point classes, the definitions above reduces to the simpler ones given in Section 1. If two liftingsf andf ′ of f are conjugate (hence they label the same fixed point class F), i.e., there exists γ ∈ π such thatf
i.e.,f π andf ′ π are similar (for the definition, see Section 2.2), and hence a(f π ) = a(f ′ π ).
Definition 3.1. Let f : X → X be a π 1 -injective graph map, and F = p(Fixf ) be any
By the same argument as the proof of Proposition 2.3 in [GJLL] , we have Proposition 3.3. Let f : X → X be a π 1 -injective selfmap of a graph. Then for each empty fixed point class F of f , we have 0 ≤ ichr(F) ≤ 1.
We will show thatf has a fixed point when ichr(F) < 0.
For the liftingf :X →X, as in [BH, p. 19] , we have the following: Fixed point criterion. Let x, y ∈X be two distinct points with the property thatf (x) is distinct from x and is not contained in the same connected component ofX\x as y, and conversely. Thenf has a fixed point on the path [x, y].
Let every edge of X have length 1. Then X becomes a metric graph, and equipX with the lifted metric. For any point P ∈X, the map j : π →X, w → wP gives a quasi-isometric embedding from the covering transformation group π toX. This induces a homeomorphism between ∂π and the space ∂X of ends ofX, which is independent of the choice P . Moreover, the distance betweenf (j(w)) =f π (w)f (P ) and j(f π (w)) =f π (w)P is bounded by the distance between P andf (P ), independent of w ∈ π. It follows that the extension off to ∂X agrees with the extension off π to ∂π. Therefore, an attracting fixed point off π defines an attracting fixed point off on ∂X.
If ichr(F) < 0, namely, rkFix (f π ) + a(f π ) > 1 by definition. First assume thatf π has two distinct (possible equivalent) attracting fixed points W 1 , W 2 ∈ ∂π. Then any two points x, y ∈X sufficiently close to the corresponding attracting fixed points in ∂X satisfy the hypothesis of the above fixed point criterion, andf has a fixed point. Such points W 1 , W 2 exist if a(f π ) ≥ 2. They also exist if a(f π ) = 1 while rkFix (f π ) = 1, namely there exist an attracting fixed point W 1 ∈ ∂π and a nontrivial element u ∈ Fix (f π ), because in this case, we can take W 2 = uW 1 . The only remaining case is when rkFix (f π ) ≥ 2, then [BH, Lemma 2.1] applies.
3.3. Alternative definitions. The above definitions of fixed point class and improved characteristic involve covering spaces. Now we state an alternative approach using paths (introduced in [JWZ, §2]), which is convenient for us to prove the homotopy invariance of ichr(F).
Definition 3.4. By an f -route we mean a homotopy class (rel. endpoints) of path w : I → X from a point x ∈ X to f (x). For brevity, we shall often say the path w (in place of the path class [w] ) is an f -route at x = w(0). An f -route w gives rise to an endomorphism
where a is any loop based at x, and w denotes the reverse of w. For brevity, we will write f π : π 1 (X) → π 1 (X) when w and the base point
, that is, w ′ and qw(f • q) homotopic rel. endpoints. We also say that the (possibly tightened) f -route qw(f • q) is obtained from w by an f -route move along the path q.
Note that a constant f -route w corresponds to a fixed point x = w(0) = w(1) ∈ Fix f , and the endomorphism f w becomes the usual
where a is any loop based at x. Two constant f -routes are conjugate if and only if the corresponding fixed points can be joint by a Nielsen path. This gives the following definition.
Definition 3.5. With an f -route w (more precisely, with its conjugacy class) we associate a fixed point class F w of f , which consists of the fixed points that correspond to constant f -routes conjugate to w. Thus fixed point classes are associated bijectively with conjugacy classes of f -routes. A fixed point class F w can be empty if there is no constant f -route conjugate to w. Empty fixed point classes are inessential and distinguished by their associated route conjugacy classes.
Note that this definition is equivalent to the traditional one in Section 3.1 because an r-route specifies a liftingf . If two f -route w, w ′ are associated to the same fixed point class F of a π 1 -injective graph map f : X → X, then there is a path q :
It implies a commutative diagram:
and a(f w ) = a(f w ′ ), and we can define:
Definition 3.6. For a fixed point class F w of a π 1 -injective graph map f : X → X, the stabilizer of F w is defined to be
Clearly w 0 and w 1 share the same starting point w 0 (0), and
The function w 0 → w 1 defines the fixed point class function F w0 → F w1 induced by the homotopy. Therefore, when h i is π 1 -injective, we have the following fact on the improved characteristic, that is parallel to the one of stabilizer (see [JWZ, §2] ). Fact 1 (Homotopy invariance). A homotopy H = {h t } t∈I : X → X gives rise to a bijective correspondence H :
which indicate that the index ind(F) and the improved characteristic ichr(F) are homotopy invariants.
For an f -route w at x = w(0), h induces a commutative diagram:
then ω ∈ h π (Fix (f w )) and hence W and V are in the same equivalence class in A (f w ).
It implies an injectionh
and two injections
which indicate that ind(F) and ichr(F) are commutation invariants.
Remark 3.7. A homotopy may create non-empty fixed point classes, or remove fixed point classes. The above correspondence is bijective only when empty fixed point classes are taken into account.
GRAPH MAPS
In this section, we will study properties of the improved characteristic of graph maps. Since our discussion of graph maps is based on Bestvina and Handel's theory of train tracks [BH] . We follow their terminology first. A graph map f : X → Y is a cellular map, that is, it maps vertices to vertices. Up to homotopy there is no loss to assume that the restriction of f to every edge e of X is either locally injective or equal to a constant map. A graph map f : X → Y is π 1 -injective if it induces an injective homomorphism of the fundamental group on each component of X.
It is an immersion if it sends edges to edges and it is locally injective at vertices. Clearly immersions are always π 1 -injective.
A path p in a graph X is a map p : [0, 1] → X that is either locally injective or equal to a constant map, in the latter case we say that p is a trivial path. Combinatorially, a nontrivial path consists of a finite sequence e 1 , e 2 , . . . , e k of oriented edges e i with consecutive edges e i , e i+1 adjacent but e i+1 not the inverseē i of e i . For a nontrivial path p in X , its initial tip is the maximal initial open subpath that lies in an edge of X . The terminal tip is defined similarly.
A ray ρ in a connected graph X (equipping each edge with length 1) is a locally isometric map ρ : [0, +∞) → X, or combinatorially, a ray consists of an infinite sequence e 1 , e 2 , . . . of oriented edges e i with consecutive edges e i , e i+1 adjacent but e i+1 not the inverse of e i . The point ρ(0) is called the origin of ρ. Fix a universal covering q :X → X, andṽ ∈ q −1 (ρ(0)), then a liftingρ : [0, +∞) →X with originρ(0) =ṽ is an isometric embedding, its image looks like a real ray in the treeX. A sub-ray of a rayρ means a restrictionρ| [n,+∞] . For any two pointsx,ỹ ∈X, let [x,ỹ] denote the unique path fromx toỹ in the treeX. Two rays (with different origins) are equivalent if their intersection has infinite length. In particular, a ray is always equivalent to its sub-rays. Each equivalence class of rays inX defines an end of the treeX. Let ∂X denote the space of all the ends ofX. There is a bijective correspondence between the space ∂X and the set of rays inX with the same origin. For brevity, we often identify a ray or a path with its image.
A turn in X is an unordered pair of oriented edges of X originating at a common vertex. A turn is nondegenerate if it is defined by distinct oriented edges, and is degenerate otherwise. A graph map f : X → Y induces a function Df on the set E(X) of oriented edges of X by sending an oriented edge e to the first oriented edge of f (e); if f (e) is trivial we say Df (e) = 0. A turn {e 1 , e 2 } is illegal with respect to f : X → Y if the image {Df k (e 1 ), Df k (e 2 )} under some iterate of Df is degenerate, and is legal otherwise.
For a selfmap f : X → X of graph X, a f -Nielsen path is a nontrivial path p in X joining two fixed points of f such that f • p ≃ p rel. endpoints; it is indivisible if it cannot be written as a concatenation p = p 1 · p 2 , where p 1 and p 2 are subpaths of p that are f -Nielsen paths.
Add [BH, Lemma 5.11] or [DV, Proposition IV 3 .2] to [JWZ, Theorem BH] , we have the following theorem summarizing the results of Bestvina and Handel [BH] that we need.
Theorem 4.1. [JWZ, Theorem BH] Let X be a connected graph but not a tree, and let f : X → X be a π 1 -injective map. Then f has the same homotopy type as a graph selfmap β : Z → Z, where Z is a connected graph without vertices of valence 1 and all fixed points of β are vertices, and there is a β-invariant proper subgraph Z 0 , containing all vertices of Z. The map β : (Z, Z 0 ) → (Z, Z 0 ) of the pair is of one of the following types.
Type 1 : β sends Z into Z 0 . Type 2 : β cyclically permutes the edges in Z\Z 0 . Type 3 : β expands edges of Z\Z 0 by a factor λ > 1 with respect to a suitable nonnegative metric L supported on Z\Z 0 , and has the properties (a)-(c) below.
(a) For every oriented edge e in Z\Z 0 , Dβ(e) lies in Z\Z 0 .
(b) There is at most one indivisible β-Nielsen path that intersects Z\Z 0 . (c) If p is an indivisible β-Nielsen path that intersects Z\Z 0 , then p = p 1p2 , where p 1 , p 2 are β-legal paths with length L(p 1 ) = L(p 2 ), and the turn {p 1 ,p 2 } is the unique illegal turn in Z\Z 0 (at a vertex v p = p 1 (1) = p 2 (1) of valence ≥ 3 in Z) which degenerates under Dβ. Moreover, β(p i ) = p i t (i = 1, 2) where t is a β-legal path (see Figure 1 below).
A graph map as in Theorem 4.1 is called a relative train track map, for short, say an RTT map.
Let β : (Z, Z 0 ) → (Z, Z 0 ) be an RTT map. Denote β 0 := β| Z0 : Z 0 → Z 0 . In order to discuss the index and the improved characteristic, we introduce some notations.
Let V(Z) be the set of vertices of Z, and E(Z\Z 0 ) the set of oriented edges of Z\Z 0 . For a fixed vertex v ∈ V(Z), let δ(v) be the number of oriented edges e ∈ E(Z\Z 0 ) with the additional requirement that e gets initially expanded along itself by β (In Type 2, when Z\Z 0 is a single edge e, consider that e gets initially expanded along itself on one tip and
shrinks on the other), that is 
where ind(β 0 , F) = k i=1 ind(β 0 , F i ) if F = ⊔F i is a union of finite many β 0 -fixed point classes F i , i = 1, . . . , k.
4.2.
A bijective correspondence. For any nonempty fixed point class F of β : Z → Z, to give some information on a(β, F), we fix a universal covering q :Z →Z of Z, with group π of covering transformations identified with the fundamental group π 1 (Z, v 0 ) for v 0 ∈ F. Pickṽ 0 ∈ q −1 (v 0 ) and a liftingβ :Z →Z of β withβ(ṽ 0 ) =ṽ 0 , then F = q(Fixβ), and the liftingβ induces an injective endomorphism β π : π → π defined by (4.2)β • γ = β π (γ) •β, ∀γ ∈ π.
EndowZ with a metric d with each edge length 1. Then the map
is π-equivariant (i.e. α(j(γ)) = j(αγ) for any α, γ ∈ π), and gives a quasi-isometric embedding from the covering transformation group π to the covering spaceZ. This induces a π-equivariant homeomorphismj : ∂π → ∂Z between ∂π and the space ∂Z of ends ofZ. Moreover, sinceβ(j(γ)) = β π (γ)(β(ṽ 0 )) = β π (γ)(ṽ 0 ) = j(β π (γ)), we have a commutative diagram π j βπ / / π j Zβ / /Z It follows that the extension ofβ to ∂Z agrees with the extension of β π to ∂π. Therefore, we have Assertion ⋆. An attracting fixed word W ∈ ∂π of β π defines an attracting fixed point j(W ) ∈ ∂Z ofβ, and the π-equivariant homeomorphismj : ∂π → ∂Z induces a bijective correspondencej | A(βπ) : A(β π ) → A(β) between the set A(β π ) of attracting fixed words of β π on ∂π and the set A(β) of attracting fixed points ofβ on ∂Z.
Here a fixed end E ∈ A(β) represented by a rayρ =ẽ 1 · · ·ẽ i · · · ⊂Z is an attracting fixed point ofβ, if there exists a number N > 0 such that for any pointx ∈Z, we have
that is the same as the one in free groups (see Section 2.1).
4.3.
RTT map of Type 3. In this subsection, let β : (Z, Z 0 ) → (Z, Z 0 ) be an RTT map of Type 3 in Theorem 4.1.
A path with no illegal turns in Z\Z 0 is said to be β-legal. Under the non-negative metric L supported on Z\Z 0 , we have L(β(σ)) = λL(σ) for any β-legal path σ. For convenient, we state [BH, Lemma 5 .8] as follows:
Lemma 4.2. Suppose σ = µ 1 τ 1 µ 2 . . . τ l−1 µ l is the decomposition of a β-legal path σ into subpaths µ j ⊂ Z\Z 0 and τ j ⊂ Z 0 . Then
and is β-legal. Here [β(σ)] denotes the path tightened from β(σ), and β(µ i ) · [β(τ i )] indicate that the turns between β(µ i ) and [β(τ i )] are legal.
In the following, we shall give a key lemma that summarizes the relation between βinvariant edges and attracting fixed words of β π . 
is the induced injective endomorphism of β. Then
(1) Every oriented edge e ∈ ∆(F) defines an equivalence class W e of attracting fixed words of β π , and W e does not contain any attracting fixed word of (β 0 ) π : π 1 (Z 0 , v 0 ) → π 1 (Z 0 , v 0 ).
(2) Suppose e i ∈ ∆(F) (i = 1, 2) are two edges with initial points e i (0) two (possibly the same) fixed points in F. Then W e1 and W e2 are equal if and only if there exists an indivisible Nielsen path p = p 1p2 as in Type 3(c) of Theorem 4.1 such that e i = Dβ(p i ) are the initial edges of the β-legal paths p i for i = 1, 2.
(3) For every equivalence class W of attracting fixed words of β π but not contain an attracting fixed word of (β 0 ) π , there exists an oriented edge e ∈ ∆(F) such that W = W e .
Proof. Pick a universal covering q :Z →Z and a liftingβ :Z →Z as in Section 4.2. LetZ 0 := q −1 (Z 0 ).
(1) For any edge e ∈ ∆(F), let v := e(0) ∈ F. Recall that there is a non-negative metric L supported on Z\Z 0 , such that β expands e by a factor λ > 1 with respect to L, namely, L(β(e)) = λL(e), which implies that β(e) passes at least two edges of Z\Z 0 . Property (a) in Theorem 4.1 implies both tips of β(e) are in Z\Z 0 . Furthermore, we have a decomposition of β(e) as in Lemma 4.2, β(e) = e · τ 1 · µ 2 · · · τ l−1 · µ l is a β-legal path, and
By induction, the common initial segment [β k (e)] ∩ [β k+1 (e)] = [β k (e)] for any k ∈ N. Therefore, we can define β ∞ (e) := lim k→+∞ [β k (e)]. Note that β(β ∞ (e)) = β ∞ (e), so it is a β-invariant ray in Z.
Below we will lift β ∞ (e) to the universal covering q :Z →Z, and then show that the lifting is an attracting fixed point ofβ.
Recall thatβ :Z →Z is a lifting of β such thatβ(ṽ 0 ) =ṽ 0 . Since v and v 0 are in the same fixed point class F, we have q −1 (v) ∩ Fixβ = ∅. Pick a liftingṽ ∈ q −1 (v) ∩ Fixβ and a liftingẽ of e withẽ (0) where l 0 := max{L(e)|e ∈ E(Z)} is finite because Z is a finite graph. Therefore, the end represented by theβ-invariant rayβ ∞ (ẽ) is an attracting fixed point ofβ on the space ∂Z. By the above Assertion ⋆, it defines an attracting fixed word Wẽ of β π , that is,j(Wẽ) = β ∞ (ẽ).
Ifẽ ′ is another lifting of e with originṽ ′ ∈ q −1 (v) ∩ Fixβ, then there exists ω ∈ π such that ω(ṽ) =ṽ ′ . It implies ω ∈ Fix (β π ) and the rayβ ∞ (ẽ ′ ) = ω(β ∞ (ẽ)). So the attracting fixed point Wẽ′ = ωWẽ, namely, Wẽ′ and Wẽ are equivalent and hence represent the same equivalence class of attracting fixed points of β π , which is denoted by W e .
If U is an attracting fixed word of (β 0 ) π , then the rayj(U ) ⊂ q −1 (Z 0 ) and has length L(j(U )) = 0, but any ray representing W e has length L = ∞. So the equivalence class W e can not contain any attracting fixed word of (β 0 ) π .
(2) For two edges e i ∈ ∆(F) (i = 1, 2) with initial points e i (0) two (possibly the same) fixed points in F, if there exists an indivisible Nielsen path p = p 1p2 as in Type 3(c) of Theorem 4.1 such that e i = Dβ(p i ) for i = 1, 2, by lifting p to the universal covering Z, we have an indivisible Nielsen pathp =p 1p2 ofβ with tips Dβ(p i ) =ẽ i that is a lifting of e i . Moreover, sinceβ(p i ) =p it fort aβ-legal path, the intersection of the rays β ∞ (ẽ 1 ) =β ∞ (p 1 ) andβ ∞ (ẽ 2 ) =β ∞ (p 2 ) have infinite length, which implies that they represent the same end ofZ and hence the same attracting fixed point ofβ. Therefore, by the above Assertion ⋆, e 1 and e 2 define the same equivalence class W e1 = W e2 of attracting fixed words of β π .
Conversely, if the two equivalence classes W e1 and W e2 of attracting fixed words of β π are the same, then there exists liftingẽ i of e i such that Wẽ 1 = Wẽ 2 . It implies that the intersectionρ :=β ∞ (ẽ 1 ) ∩β ∞ (ẽ 2 ) of the twoβ-invariant raysβ ∞ (ẽ i ) has length L(ρ) = ∞. So we can denoteβ ∞ (ẽ i ) =p iρ , wherep i is aβ-legal path with initial edgẽ e i , and the turn {p 1 ,p 2 } is nondegenerate, but the turn {Dβ(p 1 ), Dβ(p 2 )} is degenerate.
Sop 1p2 =β(p 1p2 ) is a Nielsen path ofβ. Furthermore, sinceβ expandsp i by the factor λ > 1 w.r.t the metric L, the initial pointp i (0) is the unique fixed point inp i . It follows that the Nielsen pathp 1p2 is indivisible, and hence p 1p2 := q(p 1p2 ) is an indivisible Nielsen path satisfying the property in claim (2).
(3) For any equivalence class W of attracting fixed words with property as in claim (3), by the above Assertion ⋆, there exists W ∈ W such thatj(W ) ∈ ∂Z is an attracting fixed point ofβ. Suppose ρ : [0, +∞] →Z is a ray representingj(W ) with origin ρ(0) =ṽ 0 (see Figure 2 below). Sincej(W ) is attracting (under the metric d onZ that every edge has length 1), the set S ρ := ρ ∩ Fixβ ofβ-fixed points in ρ is finite. Indeed, if S ρ is infinite, then there exists a infinite sequenceṽ i ∈ S ρ such that the length d([ṽ 0 ,ṽ i ]) ofβ-Nielsen path goes to infinity as i → +∞, but for any fixedṽ i ∈ S ρ , d([ṽ 0 ,β k (ṽ i )]∩ρ) = d([ṽ 0 ,ṽ i ]) does not go to infinity as k → +∞, contradicting that ρ is attracting.
Letṽ ′ be the last one in S ρ , that is
Let ρ ′ denote the sub-ray of ρ with fixed origin ρ ′ (0) =ṽ ′ , and letẽ be the initial oriented edge of ρ ′ withẽ(0) =ṽ ′ . Note that ρ ′ also represents the equivalence class W of attracting fixed points ofβ. In the treeZ, if Dβ(ẽ) =ẽ, then any two points x, y ∈ ρ ′ sufficiently close toṽ ′ and ∂Z respectively satisfy the hypothesis of the fixed point criterion (see the proof of Proposition 3.3), andβ has a fixed point in the path [x, y] ⊂ ρ ′ , that is,β has another fixed point but notṽ ′ in ρ ′ , that contradicts with the choice ofṽ ′ . Therefore, we have Dβ(ẽ) =ẽ and [β(ρ ′ )] = ρ ′ . Below we will show thatẽ ⊂Z\Z 0 . Recall that the equivalence class W represented by ρ ′ does not contain any fixed word in ∂π 1 (Z 0 ), then ρ ′ contains at least one edge inZ\Z 0 . Letẽ ′ ∈ E(Z\Z 0 ) be the first one along ρ ′ from its originṽ ′ , that is
It follows that the (possibly trivial) path ρ 1 := [ṽ ′ ,ẽ ′ (0)] ⊂Z 0 , andẽ ′ is not contained iñ β(ρ 1 ) ⊂Z 0 . Now we claim that ρ 1 is trivial. Otherwise, if ρ 1 is nontrivial, namely,ẽ ⊂Z 0 and e =ẽ ′ . Write ρ ′ = ρ 1 ρ 2 for ρ 2 = ρ ′ \ρ 1 the sub-ray of ρ ′ with origin ρ 2 (0) =ẽ ′ (0).
Sinceṽ ′ is the only fixed point in ρ ′ andβ(ρ 1 ) does not contain the edgeẽ ′ , we haveβ(ρ 2 ) contains ρ 2 as a proper sub-ray, that is,β(ẽ ′ (0)) is not in the same connected component ofZ\ẽ ′ (0) asẽ ′ (1). Thenẽ ′ (0) and any point y ∈ ρ ′ sufficiently close to ∂Z satisfy the hypothesis of the fixed point criterion, andβ has a fixed point in the path [ẽ ′ (0), y] ⊂ ρ ′ . It contradicts thatṽ ′ is the unique fixed point in ρ ′ .
Therefore, ρ 1 is trivial, that is,ẽ =ẽ ′ ⊂Z\Z 0 , then ρ ′ =β ∞ (ẽ) =j(Wẽ). It follows W = W e for e = q(ẽ) ∈ ∆(F), so claim (3) holds.
The ray ρ and its sub-ray ρ ′ 4.4. RTT map of Type 1 and Type 2. Let β : (Z, Z 0 ) → (Z, Z 0 ) be an RTT map, and β 0 := β| Z0 . If β is of Type 1, then β π | π1(Z0,v) = (β 0 ) π : π 1 (Z 0 , v) → π 1 (Z 0 , v) and β π (π 1 (Z, v)) ⊂ π 1 (Z 0 , v). So Fix (β π ) = Fix (β 0 ) π and a(β π ) = a(β 0 ) π immediately.
For an RTT map of Type 2, we have Lemma 4.4. Let β : (Z, Z 0 ) → (Z, Z 0 ) be an RTT map of Type 2. Then every attracting fixed word of β π is equivalent to a one of (β 0 ) π .
Proof. Pick a liftingβ :Z →Z as in Section 4.3.
For an attracting fixed word W of β π , by the above Assertion ⋆, there exists an attracting fixed pointj(W ) ∈ ∂Z ofβ. Suppose ρ : [0, +∞] →Z is a ray representingj(W ) with origin ρ(0) =ṽ 0 . Sincej(W ) is attracting (under the metric d onZ that every edge has length 1), as in the proof of claim (3) in Lemma 4.3, we can show the set S ρ := ρ ∩ Fixβ is finite, and let ρ ′ be the sub-ray of ρ such that the origin ρ ′ (0) =ṽ ′ is the only fixed point in ρ ′ .
Letẽ be the initial oriented edge of ρ ′ withẽ(0) =ṽ ′ , as in the proof of claim (3) in Lemma 4.3, we also have Dβ(ẽ) =ẽ and [β(ρ ′ )] = ρ ′ . Recall that β is an RTT of Type 2, ifẽ ⊂Z\Z 0 , then Z\Z 0 has only one edge q(ẽ), and henceβ(ẽ) =ẽ contradicting that the originṽ ′ is the only fixed point in ρ ′ . Therefore,ẽ ⊂Z 0 .
If ρ ′ ⊂Z 0 , then it contains an oriented edgeẽ ′ ⊂Z\Z 0 . Sinceβ(ẽ ′ ) ⊂Z\Z 0 and β(Z 0 ) ⊂Z 0 , by the same argument as in the proof of claim (3) in Lemma 4.3, we can showβ has another fixed point but notṽ ′ in ρ ′ , that contradictsṽ ′ is the only fixed point in ρ ′ . Therefore, the sub-ray ρ ′ ⊂Z 0 , and hence represents an attracting fixed point of β 0 . It follows that W is equivalent to an attracting fixed word of (β 0 ) π . So Lemma 4.4 is true.
4.5. Property of ichr(F) of RTT map. In this subsection, we give some relations between ichr(β 0 , F 0 ) and ichr(β, F).
Proposition 4.5. Let β : (Z, Z 0 ) → (Z, Z 0 ) be an RTT map as in Thereom 4.1, and β 0 := β| Z0 . If there exists an indivisible β-Nielsen path p that intersects Z\Z 0 , it is unique. (In Type 2 when Z\Z 0 is a single edge e, take p = e, and consider that e gets initially expanded along itself on one tip and shrinks on the other.) There are three possible cases.
(i) No such path p exists (as always in Type 1, in Type 2 when Z\Z 0 has more than one edge, and possibly in Type 3). Then the β-fixed point classes are the same as the β 0 -fixed point classes, and
for all β 0 -fixed point classes F 0 .
(ii) The path p connects two different β 0 -fixed point classes F ′ 1 and F ′ 2 . Then the β-fixed point classes are the same as the β 0 -fixed point classes, except that F ′ 1 and F ′ 2 combine into a single β-fixed point class
and for each β-fixed point class F 0 = F ′ , rk(β, F 0 ) = rk(β 0 , F 0 ), a(β, F 0 ) = a(β 0 , F 0 ) + δ(F 0 ).
(iii) The path p has both ends in a β 0 -fixed point class F ′ 0 . Then the β-fixed point classes are the same as the β 0 -fixed point classes, and
and for each β-fixed point class
Proof. The proof of the equalities of a(·) relies mainly on Lemma 4.3 and Lemma 4.4.
Although the equalities of rk(·) have been proved in [JWZ, Corollary BH] , to be referenced easily, we state it in the following. At first, let's review some notations.
For a fixed point v of β, as in Definition 3.4, let β v : π 1 (Z, v) → π 1 (Z, v) be the induced natural endomorphism and (β 0
Case (i) Since every Nielsen path is a product of indivisible Nielsen paths, it lies in Z 0 . So for any v ∈ F 0 , Fix (β v ) = Fix (β 0 ) v and rk(β, F 0 ) = rk(β 0 , F 0 ).
If β is of Type 1 or Type 2, then δ(F 0 ) = 0 and A (β v ) = A (β 0 ) v by Lemma 4.4; if β is of Type 3, then by Lemma 4.3, the map e → W e defines a bijection from ∆
Case (ii) For the equalities of F 0 , the situation is the same as the one in Case (i). Now we consider
is an isomorphism, where u and v are Nielsen paths in Z 0 at a and b, respectively, and [·] denotes loop class. First observe that η is injective. In fact, the η-image of any nontrivial element of the left hand side is represented by a product w = u 1 pv 1p · · · u l pv lp u l+1 , where u i and v i are Nielsen paths in Z 0 at a and b, respectively. (We allow that u 1 and u l+1 be trivial, but assume the others are nontrivial.) By Property of Type 2 or 3(c) in Theorem 4.1, both tips of p are in Z\Z 0 , so w is an immersed Nielsen path and represents a nontrivial element in the left hand side.
On the other hand, any nontrivial element of the right hand side is represented by a concatenation of β-Nielsen paths, hence by a product like the w above, so η is surjective. Thus the desired isomorphism is established.
Below we prove the equalities of a(β, F ′ ). By the bijective correspondence Assertion ⋆, two attracting fixed words W ∈ A(β 0 ) a and W ′ ∈ A(β 0 ) b can be represented by two rays ρ, ρ ′ ⊂Z 0 := q −1 (Z 0 ) ⊂Z with origiñ a,b ∈ Fixβ, respectively. So the inclusions induce two injections
where W ρ denotes the equivalence class of the attracting fixed word represented by ρ, and ι b can be thought as a composition A (β 0 ) b ֒→ A (β b ) ←→ A (β a ), which is well-defined because the lifitingp of p is aβ-Nielsen path fromã tob and hence β(pρ ′ ) =pρ ′ represents an attracting fixed word in A(β) a .
Furthermore, we claimῑ a (A (β 0 
Otherwise, there exist rays ρ, ρ ′ ⊂Z 0 withβ-fixed originsã ∈ q −1 (a) andb ∈ q −1 (b) respectively, such that ρ andpρ ′ represent two equivalent attracting fixed words in A(β a ), that is, there exist an word w ∈ Fix (β a ), such that the two rays ρ and w(pρ ′ ) represent the same end in ∂Z. It implies that γ := ρ ∩ w(pρ ′ ) ⊂Z 0 is a ray. Note that w(pρ ′ ) = w(p) · w(ρ ′ ) andp is a lifting of the indivisible Nielsen path p, then the two tips of w(p) ⊂Z\Z 0 and γ ⊂ w(ρ ′ ) ⊂Z 0 . Let ρ 1 := ρ\γ and ρ ′ 1 := w(ρ ′ )\γ,
is a fixed point ofβ. It implies that ρ 1ρ ′ 1 ⊂Z 0 is a Nielsen path fromã to w(b), contradicting that a ∈ F ′ 1 and b ∈ F ′ 2 belong to distinct fixed point classes of β 0 . So the claim is true.
Using the injectionῑ in equation (4.4), we can compute a(β, F ′ ) immediately. There are two cases:
(a) p is the unique edge e of Z\Z 0 in Type 2 (recall that in this case δ(F ′ ) = 1 because e gets initially expanded along itself on only one tip). By Lemma 4.4,ῑ is a bijection. So
(b) p is the unique indivisible Nielsen path in Type 3. Follows from Lemma 4.3, each element of A (β a )\ῑ(A (β 0 ) a ⊔ A (β 0 ) b ) can be represented by W e for a unique edge e ∈ ∆(F ′ ), except that e 1 , e 2 ∈ ∆(F ′ ) are the two tips of the indivisible Nielsen path p and they give the same element W e1 = W e2 , and conversely. Therefore, we also have
Case (iii) For the equalities of F = F ′ 0 , the situation is the same as the one in Case (i). Suppose the path p goes from a to b both in F ′ 0 . By the similar argument as in case (ii), we can show η
is an isomorphism, where the loop class [u] ∈ Fix (β 0 ) a and J is the infinite cyclic group generated by the loop class [t] represented by the loop t := pq when a = b, but taking t := p when a = b. It implies rk(β, F ′ 0 ) = rk(β 0 , F ′ 0 ) + 1.
By equation (4.3),ῑ a : A (β 0 ) a ֒→ A (β a ) is an injection. Then by the similar argument as the one in the above Case (a) and Case (b), we have a(β,
As a corollary of the above Proposition 4.5, we have Corollary 4.6. Let β : (Z, Z 0 ) → (Z, Z 0 ) be an RTT map as in Theorem 4.1 and β 0 := β| Z0 : Z 0 → Z 0 . Then for every nonempty fixed point class F of β, we have
Proof. Since ichr(F) = 1 − rk(F) − a(F), the conclusion can be checked immediately case by case in Proposition 4.5.
PROOFS OF THEOREMS AND SOME EXAMPLES
Now we prove the main theorems of this paper.
Proof of Theorem 1.2. Let f be a π 1 -injective selfmap of a connected finite graph X, and F any fixed point class of f . Since ind(F) and ichr(F) both have homotopy and commutation invariance (see Section 3.4), it suffices to prove Theorem 1.2 for the RTT map β : (Z, Z 0 ) → (Z, Z 0 ) in Theorem 4.1, where χ(Z) = χ(X). If F is empty, Theorem 1.2 follows from Proposition 3.3. Therefore, we assume F is a nonempty fixed point class of β. Furthermore, we assume χ(Z) ≤ 0 because it is trivial if χ(Z) > 0.
If χ(Z) = 0, i.e., Z is a circle, then F is a single point * with β π (z) = z k where z is a generator of the fundamental group π 1 (Z, * ). It is well-known that all fixed point classes have the same index sgn(1 − k). From Example 2.7, we have that ind(F) = 1 − rk(F) − a(F) = ichr(F) for any k = 0. (If k = 0, β will be not π 1 -injective.)
If χ(Z) < 0, let Z 1 , . . . , Z n be the connected components of Z 0 . Suppose the βinvariant ones are Z 1 , . . . , Z k . Denote β 0 := β| Z0 : Z 0 → Z 0 and β i := β| Zi : Z i → Z i for i = 1, . . . , k. Since Z is a connected graph without vertices of valence 1, and Z 0 is a proper subgraph containing all the vertices of Z, it is easy to see that all χ(Z i ) > χ (Z) . So, working inductively, we may assume that Theorem 1.2 is true for every β i , that is,
For the nonempty fixed point class F of β, note that F is a union of finitely many (in fact at most 2 by Proposition 4.5) β 0 -fixed point classes F i , each is contained in a unique component Z i and is also a fixed point class of β i . So by the inductive hypothesis,
Combine the above equality, equation (4.1) with Corollary 4.6, we have ind(β, F) = ichr(β, F). Therefore, Theorem 1.2 holds.
Proof of Theorem 2.6. Let Φ be an injective endomorphism class of a free group F n , and S(Φ) be the set of similarity classes of injective endomorphisms representing Φ. There exists a connected finite graph X (not a tree) with fundamental group F n . Fix an universal covering p :X → X and an isomorphism from the group π of covering transformations to F n . Then there exists a π 1 -injective selfmap f : X → X on X, inducing the injective endomorphism class Φ. The equalityf • γ =f π (γ) •f for all γ ∈ π defines a bijective correspondencef →f π between the set of liftingsf :X →X of f and the set of injective endomorphismsf π : π → π representing Φ. Moreover, two liftingsf andf ′ of f are conjugate (hence they label the same fixed point class F) if and only if the injective endomorphismsf π andf ′ π are similar. Therefore, we have a bijective correspondence F → [φ] between Fpc(f ) and S(Φ), with ichr(F) = 1 − rk(F) − a(F) = 1 − rkFix (φ) − a(φ).
By Theorem 1.2, ind(F) = ichr(F) for every essential fixed point class F of f , while 0 = ind(F) ≤ ichr(F) ≤ 1 for the others. Replacing ind(F) with ichr(F) in the inequality (B) of Theorem 1.1, we have
The proof is finished.
Proof of Theorem 1.5. Pick one of summand in Theorem 2.6, we have immediately that max{0, rkFix (φ) + a(φ)/2 − 1} ≤ n − 1. This is what we need to show.
The following example shows that the bound in Theorem 2.6 is sharp.
Example 5.1. Let f : (R n , * ) → (R n , * ) be a π 1 -injective selfmap of the graph R n with one vertex * and n > 1 edges a 1 , . . . , a n , such that f (a i ) = a 2 i for i = 1, . . . , n. Take Z = R n and Z 0 = * . Then * is the unique nonempty fixed point class of f , and ∆( * ) = {a 1 , . . . , a n ,ā 1 , . . . ,ā n }, δ( * ) = 2n. If we write the path class of the edge a i still by a i , then the fundamental group π 1 (R n , * ) = a 1 , . . . , a n ∼ = F n , with f π : π 1 (R n , * ) → π 1 (R n , * ) defined by f π (a i ) = a 2 i . Note that f π is not an automorphism, with Fix (f π ) = 1 and 2n equivalence classes of attracting fixed points that are induced by the oriented edge a i ,ā i ∈ ∆( * )
Therefore, a( * ) = a(f π ) = 2n, rkFix (f π ) + a(f π )/2 = n and ind( * ) = ichr( * ) = 1 − rk( * ) − a( * ) = 1 − 2n.
Next example shows that the inequality in Theorem 1.5 can be strict.
Example 5.2. Let f : (R 2 , * ) → (R 2 , * ) be a π 1 -injective selfmap of the graph R 2 with one vertex * and two edges a 1 , a 2 , such that f (a 1 ) = a 1 and f (a 2 ) =ā 2 a 1 a 2 . Take Z = R 2 and Z 0 = a 1 . Then * is the unique nonempty fixed point class of f , and ∆( * ) = {ā 2 }. If we write the path class of the edge a i still by a i , then the fundamental group π 1 (R 2 , * ) = a 1 , a 2 ∼ = F 2 , with f π : π 1 (R 2 , * ) → π 1 (R 2 , * ) defined by f π (a 1 ) = a 1 and f π (a 2 ) = a −1 2 a 1 a 2 . Note that f π is not an automorphism, with Fix (f π ) = a 1 and the only equivalence class of attracting fixed points that is induced by the oriented edgē a 2 ∈ ∆( * )
Wā 2 = f ∞ π (a −1 2 ) = a −1 2 a −1 1 a 2 a −1 1 a −1 2 a 1 a 2 · · · , Therefore, rkFix (f π ) + a(f π )/2 = 1 + 1/2 < 2 and ind( * ) = ichr( * ) = 1 − rk( * ) − a( * ) = −1.
Finally, we give some examples for empty and nonempty fixed point classes with indices 0.
Example 5.3. Let f : (R 2 , * ) → (R 2 , * ) be a π 1 -injective selfmap of the graph R 2 with one vertex * and two edges a, b, such that f (a) = b and f (b) =ā. The f -route a induces an injective endomorphism f a : π 1 (R 2 , * ) → π 1 (R 2 , * ), a → aba −1 , b → a −1 ,
with Fix (f a ) = {(aba −1 b −1 ) k | k ∈ Z} a free cyclic group, and hence rk(f a ) = 1.
Let f * : π 1 (R 2 , * ) → π 1 (R 2 , * ) defined by a → b, b → a −1 . Then for any infinite word W ∈ ∂π 1 (R 2 , * ) with initial segment |W i | = i, the word length |f * (W i )| = i , and |f a (W i )| = |af * (W i )a −1 | ≤ i + 2.
It follows that f a has no attracting fixed words. Therefore, a(f a ) = 0.
Furthermore, fix an universal covering q :R 2 → R 2 with a given point * ∈ q −1 ( * ), and a liftingã : (I, 0, 1) → (R 2 , * ,ã(1)) of the loop a. The liftingf :R 2 →R 2 defined byf ( * ) =ã(1) is a composition of a rotation and a translation, so it is an isometry of the treeR 2 equipped with the natural metric d such that each edge has length 1. Note that It implies thatf (x) = x and hence Fixf = ∅.
By the argument above, for the empty fixed point class F a defined by the f -route a, we have ind(F a ) = ichr(F a ) = 1 − rk(F a ) − a(F a ) = 0.
Example 5.4. ([J3]) Let f : (R 2 , * ) → (R 2 , * ) be a π 1 -injective selfmap of the graph R 2 with one vertex * and two edges a, b, such that the induced endomorphism of π 1 (R 2 , * ) is given by f π (a) = a −1 and f π (b) = a −1 b 2 . It is known from [J3] that f has two nonempty fixed point classes and all of them have indices zero.
Note that Fix (f π ) = {1} and f π has an attracting fixed word f ∞ π (b −1 ) = b −2 ab −4 ab −2 a · · · .
